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Let G be a linear algebraic group dened over a eld F . One can dene
an equivalence relation (called R-equivalence) on the group GF of points
over F as follows (cf. [4, 9, 14]). Two points g0; g1 ∈ GF are R-equivalent,
if there is a rational morphism f x 1F → G of algebraic varieties over F
dened at points 0 and 1 such that f 0 = g0 and f 1 = g1. The group of
R-equivalence classes is denoted by GF/R. For example, if G = SL1A
is the special linear group of a central simple F-algebra A, then the group
of R-equivalence classes GF/R is equal to the reduced Whitehead group
in algebraic K-theory (cf. [27])
SK1A = SL1A/A×;A×:
We say that the group G is R-trivial if GE/R = 1 for any eld extension
L/F (cf. [14]). The group GF/R measures complexity of GF. One of
the major properties of GF/R is that this group is rigid, i.e., GF/R =
G
(
Ft/R. In other words, any rational family of elements in GF/R is
constant. On the other hand, any R-trivial element (i.e., an element in the
kernel of GF → GF/R) can be connected to the identity of the group
by a rational family of elements in G.
It is known that an algebraic group G of rank (dimension of a maximal
torus) at most 2 is rational (cf. [2, Theorem 7.9, 27, Theorem 4.74]) and
hence G is R-trivial by [4, 14, Proposition 1]. In the present paper we
1 Partially supported by the N.S.F.
614
0021-8693/00 $35.00
Copyright ' 2000 by Academic Press
All rights of reproduction in any form reserved.
cohomological invariants of groups of rank 3 615
consider the group GF/R for a simple simply connected group of type
A3 (rank 3). The starting point is the following two results:
Theorem 0.1 [12, Theorem 4, 7, Sect. 17]. Let A be a central simple al-
gebra of dimension 16 over a eld F (char F 6= 2) and exponent 2 in the
Brauer group of F . Then there is an exact sequence
1 −→ SK1A
r−→ H4F; /2 −→ H4(FX; /2;
where X is the Albert quadric of A.
Thus, Rost’s theorem gives a cohomological description of the group of
equivalence classes SL1A/R = SK1A of the simple simply connected
group SL1A of rank 3.
Theorem 0.2 [10]. Let A be a central division algebra of dimension 16
over a eld F (charF 6= 2). Then there exists a eld extension E/F such that
SK1A⊗F E 6= 1. In particular, the group SL1A is not R-trivial and hence
is not rational.
In other words, if A is a division algebra of exponent 2, the family of
homomorphisms r ⊗F E in Theorem 0.1 for all eld extensions E/F , be-
ing considered as a morphism of functors E 7→ SK1A ⊗F E and E 7→
H4E; /2 from the category of eld extensions of F to the category of
groups, is not trivial (whereas the group SK1A can be trivial).
The homomorphism r can be considered as a dimension four cohomo-
logical invariant of the group SL1A as dened in [17]. Note that cohomo-
logical invariants of dimension at most 3 of simply connected groups are
trivial by [17, Proposition 4.9]. Thus the Rost’s invariant r is an example
of a nontrivial invariant of the smallest dimension of a simply connected
group of the smallest rank.
The main result of the paper (Theorem 4.5) is a generalization of Rost’s
Theorem 0.1 to the case of an arbitrary simple simply connected group G
of type A3. It is known (cf. [29, 7, Theorem 26.9]) that G is isomorphic to
the special unitary group SUB; τ of a (uniquely determined up to isomor-
phism) semisimple algebra B of degree 4 over a quadratic extension L/F
with a unitary involution τ. We dene a dimension four invariant of G with
coefcients in a certain cycle module and describe its image. If L splits,
i.e., L = F × F , then B = A × Aop with the exchange involution τ and
SUB; τ = SL1A. The special case expA = 2 is Rost’s Theorem 0.1.
Note that the root system A3 coincides with D3; hence G is canonically
isomorphic to the spinor group SpinD; σ for the discriminant algebra D
of the pair B; τ with canonical involution σ (cf. [7, Sect. 26]).
We proceed in several steps. First we dene a variety X = JB; τ which
plays a role of the Albert quadric in Theorem 0.1. It is the variety of right
ideals J in B of L-dimension 8 such that τJ · J = 0. Let 01F be the
inverse image of K1F ⊂ K1L under the reduced norm homomorphism
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Nrd x K1B → K1L. Denote by 61F the subgroup in 01F generated
by the classes of the elements represented by b ∈ B× such that τb = b.
We use a computation of GF/R in [3, Theorem 5.4] as the factor group
01F/61F. Using a computation of algebraic K-theory of projective ho-
mogeneous varieties given in [22] we relate the group 01F/61F to the
factor group K1X2/3 of the topological ltration on K1X. Then, con-
sidering the BrownGerstenQuillen spectral sequence for X we prove that
K1X2/3 is isomorphic to the K-cohomology group H2X;K3 using com-
putation of the Chow group CH4X given in [11]. Finally we use a theorem
of B. Kahn relating the latter group to the degree four Galois cohomology
groups.
We use the following notation.
For an algebraic variety X dened over a eld F and a eld extension
L/F , by XL we denote X ×Spec F Spec L and by Xsep the variety XFsep over
a separable closure Fsep of F .
By HpX;Kq we denote the K-cohomology groups and by CHpX =
HpX;Kp the Chow groups (cf. [24, Sect. 7.5]).
For a eld F , charF 6= 2, denote by HpF the Galois cohomology group
Hp
(
GalFsep/F;/2

. For an element a ∈ F×, a is the element of
H1F corresponding to a under the canonical isomorphism H1F '
F×/F×2.
We denote by µn the Galois module of nth roots of unity and for any
q ∈  by /q the direct limit of µ⊗qn over all n prime to charF .
We will consider a central semisimple algebra B with a unitary involution
τ over a quadratic Galois extension L/F ; i.e., τ acts on L as the generator
of the Galois group of L over a eld F . If L is a eld, then B is a simple
algebra over L. If L splits, i.e., L ' F × F , then B ' A ×Aop for a cen-
tral simple F-algebra A with the exchange involution τ (cf. [7, Proposition
2.14]). By index indB we mean the standard index of the central simple
algebra B if L is a eld and index of A if L splits.
For B; τ as above, SUB; τ denotes the special unitary group of a
central simple algebra B with a unitary involution τ (cf. [7, Sect. 23]). It
is a simple simply connected algebraic group of type An−1, where n is the
degree of B over L. The group SUB; τ of its F-points consists of all
b ∈ B× such that τb · b = 1 and Nrdb = 1.
1. K-THEORY OF X
In this section we introduce a variety X, which replaces the Albert
quadric in Rost’s theorem, and compute its algebraic K-theory.
1.1. Split case
Let V be a vector space of dimension 4 over a eld F . Consider the
Grassmannian variety X = Gr2; V  of two-dimensional subspaces U ⊂ V .
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Denote by E the locally free sheaf of sections of the canonical vector bundle
on X (of the subvariety in V ×X consisting of all pairs v;U such that
v ∈ U). We denote by ρ the class of E in K0X and by ξ the class of
the second exterior power 32E, so that ξ = λ2ρ, where λ2 is the second
exterior power operation on K0X. By [21, 5.9 and 7.1], K∗X is a free
module over K∗F with the basis
1; ξ; ξ2; ρ; ρξ; s2ρ; (1)
where s2 is the symmetric square.
We will need a slightly different basis. The second exterior power gives
a closed embedding
X ↪→ F32V ;
identifying X with a projective quadric in F32V . Let Y ⊂ X be a hy-
perplane section in X. Since the class of the sheaf OX−1 in K0X equals
ξ, the existence of an exact sequence
0→ OX−1 → OX → i∗OY → 0;
where i x Y ↪→ X is the closed embedding, implies that the class h ∈ K0X
of i∗OY is equal to 1− ξ.
A linear form ϕ ∈ V ∗ can be viewed as a section of the sheaf E∗ and
hence as a morphism of sheaves E → O. The variety P ⊂ X of zeros of a
section ϕ 6= 0 consists of all two-dimensional subspaces U ⊂ V such that
ϕU = 0 and hence is equal to the projective plane Gr2;Kerϕ ⊂ X.
There is an exact sequence
0→ 32E→ E ϕ−→ OX → j∗OP → 0;
where j x P ↪→ X is the closed embedding. Denote the class of j∗OP in
K0X by p, so that
p = 1+ ξ − ρ: (2)
Dualizing the natural inclusion E ↪→ V ⊗F OX we get an exact sequence
0→ E′ → V ∗ ⊗F OX → E∗ → 0: (3)
The class of E′ in K0X we denote by ρ′. A vector v ∈ V can be viewed
as a section of the sheaf E′∗ and hence as a morphism E′ → O. The variety
P ′ ⊂ X of zeros of a section v 6= 0 consists of all two-dimensional subspaces
U ⊂ V such that v ∈ U and hence is isomorphic to another projective plane
V/Fv in the quadric X.
There is an exact sequence
0→ 32E′ → E′ v→ OX → j′∗O ′P → 0;
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where j′ x P ′ ↪→ X is the closed embedding. Denote the class of j′∗OP ′ in
K0X by p′, so that
p′ = 1+ ξ − ρ′: (4)
It follows from (3) that λ2ρ′ · λ2ρ∗ = 1; hence λ2ρ′ = λ2ρ = ξ. The
natural pairing
E′ ⊗ E′ → 32E′
induces an isomorphism between sheaves E′∗ and E′ ⊗ 32E′⊗−1; hence
ρ′∗ = ρ′ξ−1. The exact sequence dual to (3) gives ρ′∗ = 4− ρ; hence
ρ′ = 4ξ − ρξ: (5)
Thus, the element ρξ in the basis (1) can be replaced by ρ′.
Similarly, the sequence (3) gives ρ∗ = 4− ρ′ and hence
ρ = 4ξ − ρ′ξ: (6)
If ϕ ∈ V ∗ and v ∈ V are chosen so that ϕv 6= 0, then P ∩ P ′ = Z;
hence pp′ = 0 ∈ K0X. Using (2), (4), (5), and (6) we then get
ρ2ξ−1 = 1− 6ξ + ξ2 + 4ρ: (7)
Since ρ2 = s2ρ+ λ2ρ = s2ρ+ ξ, by (5) and (7),
s2ρ = −6ξ2 + ξ3 + 4ρξ = 16ξ − 6ξ2 + ξ3 − 4ρ′:
Thus, we can replace s2ρ in the basis (1) by ξ3.
We have proved
Proposition 1.1. The group K∗X is a free module over K∗F with the
basis 1; ξ; ξ2; ξ3; ρ; ρ′.
We will also need a basis of K∗X which is compatible with the topolog-
ical ltration K∗Xi by codimension of support (cf. [24, Sect. 5]). Clearly,
p and p′ are the elements of codimension 2 and hi is of codimension i.
The variety X is cellular (cf. [5]), hence
HiX;K∗+i = K∗F ⊗ CHiX:
Also for i = 0; 1, the composition
K∗F
hi−→ K∗Xi/i+1 ↪→ HiX;K∗+i
is then injective since CHiX is an innite cyclic group generated by the
ith power of the class of a hyperplane section. A simple computation using
(2) and (4) then gives
Corollary 1.2. The set of elements 1; h; h2; h3; p;p′ is a basis
of K∗X over K∗F, h; h2; h3; p;p′ is a basis of K∗X1, and
h2; h3; p;p′ is a basis of K∗X2.
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1.2. Nonsplit case
We consider in this section algebraic K-theory of twisted forms of
Gr2; 4.
Let B be a central semisimple algebra of degree 4 with a unitary invo-
lution τ over a quadratic extension L of a eld F of characteristic differ-
ent from 2 (we do not exclude the split case L = F × F). Consider the
variety X = JB; τ of right ideals J in B of L-dimension 8 such that
τJ · J = 0. This is a projective homogeneous variety of the special unitary
group SUB; τ of dimension 4 being a twisted form of the Grassmannian
variety Gr2; 4 considered in section (1.1) (cf. [19]). In other words, X is
isomorphic to Gr2; 4 in the split case, i.e., when B and L split.
Let D be the discriminant algebra of B; τ (cf. [7, Sect. 10]). It is a
central simple algebra of degree 6 over F with canonical orthogonal in-
volution σ . The algebra with involution B; τ can be reconstructed from
D;σ as the Clifford algebra with canonical involution [7, Sect. 15 D]. The
variety X is isomorphic to a unique projective homogeneous variety of di-
mension 4 of the spinor group SpinD;σ which is canonically isomorphic
to SUB; τ (cf. [7, Proposition 15.27]). Thus, X is canonically isomorphic
to the involution variety ID;σ of right ideals I ⊂ D of dimension 6 such
that σI · I = 0. In particular, D splits over any eld extension E/F such
that XE 6= Z, for example, over the function eld FX. In the split case
X is isomorphic to a quadric in 5.
Consider the following locally free sheaves on X. Denote by J the sheaf
of sections of the canonical vector bundle on X (of the subvariety in B×X
consisting of all pairs b; J such that b ∈ J). It is a sheaf of rank 16 having
a natural structure of a right B-module.
In the split case, B = EndFV  × EndFV ∗ for a vector space V over
F of dimension 4. Any rank 8 over L = F × F right ideal J ⊂ B such that
τJ · J = 0 is of the form
J = HomV;U ×Hom(V ∗; V/U∗
for some two-dimensional subspace U ⊂ V . Hence X = Gr2; V  and
J ' V ∗ ⊗F E ⊕ V ⊗F E′: (8)
Viewing X as the involution variety ID;σ we can consider the sheaf I
of sections of the canonical vector bundle on ID;σ (of the subvariety in
D × ID;σ consisting of all pairs a; I such that a ∈ I). Clearly, I is a
sheaf of rank 6 and there is a natural structure of a right D-module on I .
In the split case, D = EndF32V  and hence any six-dimensional right
ideal I ⊂ D is of the form Hom32V;W  for a one-dimensional subspace
W ⊂ 32V . Hence
I ' 32V ∗ ⊗F 32E = 32V ∗ ⊗F E: (9)
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The exact functor j x M 7→ J ⊗B M from the category PB of nitely
generated left B-modules to the category PX of locally free sheaves on
X of nite rank induces a graded group homomorphism
g x K∗B −→ K∗X:
In the split case the category PB is equivalent to PF ×PF and we
identify K∗B with K∗F ⊕K∗F. By (8), the functor j is then identied
with
N ×N ′ 7→ E ⊗F N ⊕ E′ ⊗F N ′
and hence
ga; a′ = a · ρ+ a′ · ρ′: (10)
Let D⊗i be the ith tensor power of D over F , so that the tensor power
I⊗i is a right D⊗i-module. The exact functor i x PD⊗i → PX, taking a
module N to I⊗i ⊗D⊗i N , induces a graded group homomorphism
fi x K∗D⊗i −→ K∗X:
In the split case the category PD is equivalent to PF and we identify
K∗D with K∗F. By (9), the functor i is then identied with
N 7→ 32E⊗i ⊗F N
and hence
fia = a · ξi: (11)
Proposition 1.3. The map
h = g+
i=3X
i=0
fi x K∗B ⊕K∗F ⊕K∗D ⊕K∗D⊗2 ⊕K∗D⊗3 −→ K∗X
is an isomorphism.
Proof. By Proposition 1.1, (10), and (11), h is an isomorphism in the
split case. The general case follows from the split one by the splitting prin-
ciple (cf. [22, 16, 2.8]).
We would like to nd a similar presentation of KnX for n = 0; 1, which
is compatible with the topological ltration as in Corollary 1.2 in the split
case. Consider the reduced norm homomorphism
N = Nrd x KnD −→ KnF:
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If n = 0, N takes the canonical generator of K0D to indD times the
generator of K0F. Also consider the composition
eN x KnB Nrd−→ KnL NL/F−→ KnF:
The algebra D carries the involution σ of the rst kind, hence the index
of D is a power of 2. Since D is of degree 6, it is isomorphic to the ma-
trix algebra M3Q for a quaternion algebra Q over F . Denote by m the
composition
KnF
∼→ KnM3F −→ KnM3Q
∼→ KnD:
The reduced norm homomorphism Nrd x KnD → KnF is injective
(if n = 1, for all algebras D of squarefree index by [28]) and its image is
generated by the norms in nite eld extensions of F which split D. The
group KnB is also generated by the norms in nite eld extensions of
L. If B and its center L split, then D is also split since by [7, Proposition
10.30] D⊗F L is similar to B⊗2. Hence the image of eN is contained in the
image of N . Thus we have a well dened homomorphism
j x KnB −→ KnD
such that N ◦ j = eN .
The exponent of the algebra D is at most 2; hence D⊗2 ∼ F and D⊗3
∼ D. We identify KnD⊗2 with KnF and KnD⊗3 with KnD.
We dene the following homomorphisms:
g x KnB −→ KnX; g = f0 ◦ eN + f1 ◦ j − gy
f 0 x KnF −→ KnX; f 0 = f0y
f 1 x KnD −→ KnX; f 1 = f0 ◦N − f1y
f 2 x KnF −→ KnX; f 2 = f0 − f1 ◦m+ f2y
f 3 x KnD −→ KnX; f 3 = f0 ◦N − 3f1 + 3f2 ◦N − f3:
Thus, we have a group homomorphism
h = g +
i=3X
i=0
f i x KnB ⊕KnF ⊕KnD ⊕KnF ⊕KnD −→ KnX:
If B and L split, we identify eN x K∗F ⊕ K∗F → K∗F and j with
a; a′ 7→ a+ a′. It follows from (2), (4), and (10) that
ga; a′ = a+ a′ · 1+ ξ − a · ρ− a′ · ρ′ = a · p+ a′ · p′:
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In particular,
Img ⊂ KnX2: (12)
If just D splits, we identify N with the identity endomorphism of K∗F
and m with the twice of the identity of K∗F. It follows from (11) that
f 0a= a · 1y
f 1a= a · 1− a · ξ = a · hy
f 2a= a · 1− 2a · ξ + a · ξ2 = a · h2y
f 3a= a · 1− 3a · ξ + 3a · ξ2 − a · ξ3 = a · h3:
In particular,
Imf i ⊂ KnXi: (13)
We claim that the inclusions (12) and (13) also hold in the nonsplit case.
It is trivial for f 0. Since the homomorphisms f i (resp. g) commute with
the norms in nite eld extensions and the groups KnD (resp. KnB) for
n = 0; 1 are generated by the norms in eld extensions which split D (resp.
split B and L), the inclusions hold also for f 1, f 3, g and it remains to show
the statement in the case i = 2 and n = 0. It follows from the fact that the
natural homomorphisms of factor groups of the terms of the topological
ltration (for k = 0; 1)
K0Xk/k+1 = CHkX −→ CHkXsep = K0Xsepk/k+1
are injective.
Proposition 1.4. The homomorphisms h,
h1 = g + f 1 + f 2 + f 3 x KnB ⊕KnD ⊕KnF ⊕KnD → KnX1;
h2 = g + f 2 + f 3 x KnB ⊕KnF ⊕KnD → KnX2
are isomorphisms for n = 0; 1. The image of f 3 is contained in KnX3.
Proof. The homomorphisms h and h are related by the invertible matrix0BBBB@
−1 eN j 0 0
0 1 0 0 0
0 N −1 0 0
0 1 −m 1 0
0 N −3 3N −1
1CCCCA y
hence by Proposition 1.3, h is an isomorphism.
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It sufces to prove surjectivity of h1 and h2. The factor group KnX0/1
is canonically embedded into Kn
(
FX. The composition
KnF
f 0−→ KnX −→ KnX0/1 ↪→ Kn
(
FX
is the natural injection, whence the surjectivity of h1.
In order to prove surjectivity of h2 it sufces to show that the composition
l x KnD
f 1−→ KnX1 −→ KnX1/2
is injective. By Corollary 1.2, l is an isomorphism over a splitting eld exten-
sion E/F . Now the statement follows from the fact that l is compatible with
eld extensions and the natural homomorphism KnD → KnD⊗F E is
injective since D is similar to a quaternion algebra.
It follows from the Proposition 1.4 that the composition
εn x KnB ⊕KnF
g+f 2−→ KnX2 −→ KnX2/3 (14)
is surjective for n = 0; 1.
For n = 0; 1, dene a subgroup 0nF in KnB,
0nF = b ∈ KnB such that Nrdb ∈ KnF ⊂ KnL;
where Nrd x KnB → KnL is the reduced norm homomorphism and we
identify KnF with a subgroup in KnL. Clearly, if B splits, then 0nF =
KnF ⊂ KnL = KnB.
We dene injective homomorphism
ρn x 0nF −→ KnB ⊕KnF; ρnb =
(
b;−Nrdb:
Lemma 1.5. In the split case, the sequence
0 −→ 0nF
ρn−→ KnB ⊕KnF
εn−→ KnX2/3
is exact.
Proof. We identify KnB with KnF ⊕ KnF. For an element c =
b; b′; a ∈ KnB ⊕KnF we have
εnc = b¯ · p+ b¯′ · p′ + a¯ · h2
(bar means the residue modulo KnX3. By [6, Sect. 3.2],
KnX2/3 = KnF · p⊕KnF · p′
and p+p′ − h2 in K0X is the class of a projective line in the split quadric
X; hence h = p + p′. Therefore, c ∈ Ker εn if and only if b = b′ = −a if
and only if c ∈ Im ρn.
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In the general case denote by θn the composition εn ◦ ρn (n = 0; 1).
Corollary 1.6. In the general case, the sequence
0nF
θn−→ KnX2/3 −→ KnXsep2/3
is exact.
Proof. We have the following commutative diagram:
KnB ⊕KnF
εn−→ KnX2/3??yi ??y
KnBsep ⊕KnFsep
εn−→ KnXsep2/3:
The statement follows now from Lemma 1.5 and the obvious equality
i−1
(
0nFsep
 = 0nF.
2. BROWN-GERSTEN-QUILLEN SPECTRAL SEQUENCE FOR X
In this section we compare certain K-cohomology groups with factors of
the topological ltration on the K-groups of the variety X = JB; τ as
dened in the rst section. We still assume that charF 6= 2.
Consider the BrownGerstenQuillen spectral sequence [24, Theorem
5.4]
E
p;q
2 = HpX;K−q H⇒ K−p−qX:
The composition of the canonical homomorphism K1F → K1X, with
the edge map i1 x K1X → H0X;K1, is clearly an isomorphism; hence
i1 is surjective and therefore all differentials starting at E0;−1 are trivial.
Therefore, all differential arriving in E2;−2 are trivial. Hence
CH2X = H2X;K2 = E2;−22 = E2;−2∞ = K0X2/3:
The composition of the canonical homomorphism K2F → K2X with
the edge map i2 x K2X → H0X;K2 is an isomorphism by [26]; hence
i2 is surjective and therefore all differentials starting at E0;−2 are trivial.
Therefore, all differential arriving in E2;−3 are trivial.
The only possibly nontrivial differential starting at E2;−3 is
d x E2;−32 → E4;−42 = H4X;K4 = CH4X:
The image of this homomorphism is torsion (by Grothendieck’s theorem,
the image of d has exponent 3! = 6). It is shown in [11] that the Chow
group of zero-dimensional cycles CH0X = CH4X is torsion free (it is
true for all involution varieties X for central simple algebras of index at
most 2 with orthogonal involution). Hence all the differentials starting at
E2;−3 are trivial. Thus, we have proved
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Proposition 2.1. There are canonical isomorphisms
CH2X ' K0X2/3; H2X;K3 ' K1X2/3:
We will need information about the torsion part of CH2X. Since Xsep
is split, the group CH2Xsep is torsion free; hence the standard transfer
argument (cf. the proof of Corollary 2.3) shows that
CH2Xtors = Ker
(
CH2X −→ CH2Xsep

:
Lemma 2.2. Assume that B splits (over L) and the involution τ is isotropic.
Then CH2Xtors = 0.
Proof. By Propositions 1.6 and 2.1, there is a canonical surjective ho-
momorphism
00F
θ0−→ Ker(K0X2/3 → K0Xsep2/3 ∼→ CH2Xtors:
The group 00F is innite cyclic with the canonical generator γ which
corresponds to 1 under isomorphism 00F = K0F ' . Note that 00F
does not change under eld extensions since B is split over L.
We will prove that the image of γ under θ0 is trivial in K0X2/3. In
the split case, θ0γ = p + p′ − h
2
, and by [6, Sect. 3.2], p + p′ − h2 = l,
where l is the class of a projective line in the quadric X. Thus, since the
map K0X −→ K0Xsep is injective, it sufces to show that l belongs to
the image of the natural homomorphism
K0X3 −→ K0Xsep3:
The algebra B splits; i.e., B = EndLV , where V is a vector space over L of
dimension 4. The involution τ is then the adjoint involution τh with respect
to a nondegenerate hermitian form h on V uniquely determined up to a
scalar multiple by [7, Theorem 4.2]. The variety X can be identied with the
variety of isotropic (with respect to h) subspaces U ⊂ V of L-dimension
2. Since τ is isotropic, then so is h. Let W ⊂ V be a one-dimensional
isotropic subspace. Then the orthogonal complement W ⊥ is of dimension
3 and contains W . Consider the subvariety Y ⊂ X consisting of isotropic
subspaces U ⊂ V of dimension 2 such that W ⊂ U ⊂ W ⊥. In the split case,
Y is the subvariety of two-dimensional subspaces U in Gr2; 4 such that
W1 ⊂ U ⊂ W3 where W1 and W3 are some xed subspaces of dimensions 1
and 3, respectively. It is easy to check that Y corresponds to a projective
line on X considered as a quadric; hence the class OY  ∈ K0X is equal
to l over Fsep.
Corollary 2.3. If B splits, then CH2Xtors ≤ 2.
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Proof. Since 00F is a cyclic group, CH2Xtors is also cyclic. On the
other hand, by [11], there is a quadratic extension E/F such that τ is
isotropic. By Lemma 2.2, the composition of the multiplication by 2,
CH2Xtors −→ CH2XEtors
NE/F−→ CH2Xtors;
is zero.
3. A THEOREM OF B. KAHN
In this section we compare K-cohomology groups H2X;K3 for X =
JB; τ and dimension four Galois cohomology groups of F .
Since X has a closed point x of degree 2, the transfer argument for the
quadratic eld extension Fx/F shows the kernel of the natural homo-
morphism
Hp
(
F;/q −→ Hp(FX;/q
is of exponent 2. Since HpF is naturally isomorphic to the subgroup of
elements of exponent 2 in Hp
(
F;/p− 1 for p ≤ 4 (cf. [20, 25]), the
kernels of two homomorphisms
Hp
(
F;/p− 1 −→ Hp(FX;/p− 1;
HpF −→ Hp(FX
are naturally isomorphic. We denote the kernel of the second homomor-
phism by eHpF.
Since D splits over FX, the cup-product with the class D ∈ H2F
gives a well dened homomorphism
i x Hp−2F D−→ eHpF:
It is proved in [18] that if p = 2, the homomorphism i is surjective. A
generalization of this result to the case p = 3 is given in the following the-
orem. The original formulation of this theorem involves Galois cohomology
groups with coefcients in /2. Using the remark above we formulate
it in terms of the group eH3F.
Theorem 3.1 [13, 23]. There is an exact sequence
H1F i−→ eH3F −→ CH2Xtors:
This theorem and Corollary 2.3 imply
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Corollary 3.2. If B splits, then eH3F/D ∪H1F ≤ 2.
B. Kahn found a further generalization to the case p = 4. He uses a
theory of V. Voevodsky which requires resolution of singularities. That is
why he assumes that F is of characteristic zero.
Theorem 3.3 [5, Corollary 5.5]. Assume that charF = 0. Then there is
an exact sequence
H2F i−→ eH4F −→ H2X;K3 −→ H2Xsep;K3:
Thus, by Corollary 1.6, Proposition 2.1, Theorems 3.1 and 3.3, the com-
position
ϕn x 0nF
θn−→ Ker(KnX2/3 −→ KnXsep2/3 ∼→
Ker
(
H2X;Kn+2 −→ H2Xsep;Kn+2
 ∼→ eHn+3F/D ∪Hn+1F
is a surjective homomorphism for n = 0; 1. We have proved
Proposition 3.4. For n = 0; 1 there is an exact sequence
0nF
ϕn−→ Hn+3F/D ∪Hn+1F −→ Hn+3(FX:
4. INVARIANT e3B; τ
Let B; τ be a central semisimple algebra of degree 4 with a unitary
involution τ over a quadratic extension L/F . We assume that the algebra
B is split, i.e., B = EndLV  for a four-dimensional vector space V over L.
Hence τ = τh is the adjoint involution with respect to some nondegenerate
hermitian form h on V (uniquely determined up to a scalar multiple) with
respect to the quadratic extension L/F . Consider the quadratic form q
on V (viewed now as a vector space of dimension 8 over F) dened by
qv = hv; v. The Clifford algebra of q is equivalent to the quaternion
algebra Q = L; dF , where d is the discriminant of h (cf. [8, Chap. V])
and hence, by [7, Corollary 10.35], to the discriminant algebra D of B; τ.
Denote by g be the two-fold Pster form corresponding to the quaternion
algebra Q. Then for any a ∈ F× the form f = q ⊥ ag has split Clifford
algebra and hence belongs to I3 where I is the fundamental ideal in the
Witt ring of F . One can choose a such that f is represented by an eight-
dimensional form which is then necessarily similar to a three-fold Pster
form. Its Arason invariant in H3F we denote by e3B; τ. A different
choice of an element a leads to the change of e3B; τ by a multiple of the
class Q = D ∈ H2F. Thus, we have a well dened invariant
e3B; τ ∈ H3F/D ∪H1F:
The invariant e3B; τ reflects splitting properties of the involution τ.
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Lemma 4.1. The invariant e3B; τ is trivial if and only if the involution
τ is isotropic. In particular, e3B; τ is trivial over FX.
Proof. If the invariant e3B; τ is trivial, then q ⊥ ag + 1;−bg ∈ I4
for some b ∈ F× since I3/I4 is canonically isomorphic to H3F (cf. [20,
25]). Then the form f ′ = q ⊥ abg also belongs to I4. Since dimf ′ < 16,
f ′ is hyperbolic by [8, Theorem X.3.1], and hence the form q is equal
to −abg in the Witt ring W F and hence is isotropic. Therefore the
hermitian form h is isotropic; i.e., the involution τ = τh is also isotropic.
Conversely, if τ is isotropic, then q is isotropic and since the Clifford
algebras of q and g are similar, q is a scalar multiple of g in W X. Thus,
e3B; τ = 0.
One can describe the invariant e3B; τ in terms of the homomorphism
ϕ0 x 00F −→ eH3F/D ∪H1F:
Lemma 4.2. If B splits, then ϕ0γ = e3B; τ.
Proof. If τ is isotropic, then Lemma 2.2 shows that ϕ0γ = 0. By
Lemma 4.1, e3B; τ is also trivial.
Assume that τ is anisotropic. Again by Lemma 4.1, e3B; τ is a non-
trivial element in the image of ϕ0. On the other hand, by Corollary 3.2,
 Imϕ0 ≤ 2. Since γ is a generator of 00 and ϕ0 is surjective, we must
have ϕ0γ = e3B; τ.
Corollary 4.3. If B splits, then for any a ∈ F×, considered as an element
of 01F = K1F, one has ϕ1a = a ∪ e3B; τ ∈ H4F.
Proof. The statement follows from Lemma 4.2 and the commutativity
of the diagram
K0F = 00F
ϕ0−→ eH3F/D ∪H1F??ya ??ya
K1F = 01F
ϕ1−→ eH4F/D ∪H2F
where the vertical homomorphisms are the products with the element a.
Denote by H4B; τ the subgroup in H4F generated by D ∪H2F
and the norms NE/F
(
E× ∪ e3BE; τE

for all nite eld extensions E/F
such that the algebra BE = B⊗F E is split. Also let 61F be the subgroup
in 01F generated by the classes of all b ∈ B× such that τb = b.
Lemma 4.4. Assume that indB = 4. Then
1. ϕ1
(
61F
 ⊂ H4B; τ.
2. H4B; τ splits over FX.
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Proof. (1.) Let b ∈ B× such that τb = b. Choose a τ-invariant subeld
E ⊂ B of degree 4 over F containing b. The algebra BE splits and the
element b ∈ 01F is the image of b˜ = 1⊗ b under the norm map
K1L⊗F E = K1BE
NE/F−→ K1B:
Corollary 4.3 and the commutativity of the diagram
01E
ϕ1−→ eH4E/D⊗F E ∪H2E??yNE/F ??yNE/F
01F
ϕ1−→ eH4F/D ∪H2F
implies that
ϕ1b = NE/F
(b˜ ∪ e3BE; τE ∈ H4B; τ:
The second statement follows from Lemma 4.1 since τ is isotropic over
FX and D is split over X.
Now we can prove the main result of the paper. If indB ≤ 2, then by
[3, Corollary 6.5], the group SUB; τ is rational; hence SUB; τ/R = 1.
Thus we may assume that indB = 4.
Theorem 4.5. Let B; τ be a central semisimple algebra of index 4 over
a quadratic extension L of a eld F of characteristic zero and X the variety
of right ideals in B of L-dimension 8 such that τJ · J = 0. Then there is an
exact sequence
SUB; τ/R −→ H4F/H4B; τ −→ H4(FX:
Proof. By Lemma 4.4 and Proposition 3.4 there is an exact sequence
01F/61F −→ H4F/H4B; τ −→ H4
(
FX:
On the other hand, there is a natural isomorphism [3, Theorem 5.4]
SUB; τ/R ∼→ 01F/61F:
Remark 4.6. One can derive from the proof that injectivity of the rst
homomorphism of the exact sequence in Theorem 4.5 is equivalent to the
fact that Ker θ1 ⊂ 61F. It is an easy consequence of the following theorem
of Rost (unpublished, private communication) applied to X:
If for a smooth proper variety X of dimension d over a perfect eld F the
degree map CHdXE → K0XE is injective for any eld extension E/F ,
then the group Hd−1X;Kd is generated by the images of the compositions
E× ⊗ CHd−1XE −→ Hd−1XE;Kd
NE/F−→ Hd−1X;Kd
for all nite extensions E/F .
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Consider two special cases.
1. Assume that the quadratic extension L/F splits. Then B = A×Aop
for some central simple algebra A of degree 4 over F with the exchange
involution τ and G = SUB; τ = SL1A is the special linear group
of A. The variety X is the generalized SeveriBrauer variety SB2;A
(cf. [7, 1.16]).
The group of R-equivalence classes GF/R is naturally isomorphic to
SK1A. The exchange involution τ is isotropic (even hyperbolic); hence by
Lemma 4.1, the invariant e3B; τ is trivial. The discriminant algebra D is
similar to A⊗2 by [7, 10.31]. The exact sequence in the Theorem 4.5 is as
follows:
SK1A −→ H4F/2A ∪H2F −→ H4
(
FX:
Exactness of this sequence (including injectivity of the rst homomorphism)
has been proven in [17]. In particular, if A is a biquaternion algebra, we
get Rost’s exact sequence in Theorem 0.1.
2. Assume that the discriminant algebra D splits, i.e., SUB; τ =
Spinq for some six-dimensional quadratic form q over F unique up to
a scalar multiple. The algebra B is the even Clifford algebra of q by [7,
Theorem 15.24]. The variety X is the projective quadric associated to q.
Assume that B is split; i.e., q is similar to a subform of a three-fold
Pster form p. If q is isotropic, then the kernel of i x H3F → H3(FX
is trivial and hence the Arason classes e3p and e3B; τ in H3F are
trivial. If q is anisotropic, then e3p is the only nontrivial element of the
kernel of i (cf. [1]) and so is e3B; τ by Corollary 3.2. Hence in any case
e3B; τ = e3p.
Thus the subgroup H4B; τ ⊂ H4F in Theorem 4.5 is generated by
the norms NE/F
(
E× ∪ e3p

for all nite eld extensions E/F such that
the form qE is similar to a subform of a three-fold Pster form p. Denote
this subgroup by H4q. Theorem 4.5 reduces to
Corollary 4.7. For a quadratic form q of dimension 6 over F there is
an exact sequence
Spinq/R −→ H4F/H4q −→ H4(FX;
where X is the projective quadric of q.
If the discriminant of q is trivial (q is an Albert form), then qE can-
not be an anisotropic Pster neighbor over any eld extension E/F , hence
H4q = 0 in this case and we again get back to Rost’s sequence.
Remark 4.8. If indB = 4, then the group SUB; τ is not R-trivial
(and hence is not stably rational) by [15, Theorem 9.1]; i.e., the group
SUBE; τE is not trivial for some eld extension E/F . Thus, in general the
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kernel of the natural homomorphism H4F → H4(FX is larger than
the subgroup of obvious" elements H4B; τ.
Remark 4.9. We have considered in the paper simply connected groups
of types A3 = D3. Other types of rank 3 are B3 and C3. A simply connected
group G of type C3 (symplectic groups of a central simple algebra of degree
6 with a symplectic involution) is rational by [29] and hence GF/R = 1.
The only case left is the one of a simply connected group G of type B3. By
[7, Theorem 26.12, 29], G = Spinq for a nondegenerate quadratic form
q of dimension 7.
Conjecture 4.10. For a non-degenerate quadratic form q of dimension 7
there is an exact sequence
1 −→ Spinq/R −→ H4F/H4q −→ H4(FX;
where X is a quadric of q and H4q is the subgroup in H4F generated by
the norms NE/F
(
E× ∪ e3p

for all nite eld extensions E/F such that the
form qE is similar to a subform of a three-fold Pster form p.
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